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Abstract
One way of making the transition between the quasi-long range order in a chain of
S=1/2 spins coupled antiferromagnetically and the true long range order that occurs in
a plane, is by assembling chains to make ladders of increasing width. Surprisingly this
crossover between one and two dimensions is not at all smooth. Ladders with an even num-
ber of legs have purely short range magnetic order and a finite energy gap to all magnetic
excitations. Predictions of this novel groundstate have now been verified experimentally.
Holes doped into these ladders are predicted to pair, and possibly superconduct.
I. Introduction
The unexpected discovery of high temperature superconductivity[1] in lightly doped
antiferromagnets has sparked renewed interest in low dimensional quantum magnets. The
parent cuprate insulators are now considered the best examples of planar spin-1/2 antifer-
romagnets with isotropic and predominantly nearest neighbor coupling. They show simple
long range antiferromagnetic (AF) order at low temperatures in agreement with theory
which predicts an ordered ground state for the S=1/2 AF Heisenberg model on a two di-
mensional (2D) square lattice.[2] The one dimensional (1D) AF Heisenberg chain is also
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well understood. A famous exact solution found by Bethe many years ago[3] showed that
quantum fluctuations prevent true long range AF order giving instead a slow decay of the
spin correlations essentially inversely with separation between the spins. Therefore it came
as a great surprise when numerical calculations found that the crossover from chains to
square lattices, obtained by assembling chains one next to the other to form “ladders” of
increasing width, was far from smooth. Although there is no apparent source of frustration,
quantum effects lead to a dramatic dependence on the width of the ladder (i.e. the number
of coupled chains).
Ladders made from an even number of legs have spin liquid ground states so called
because of their purely short range spin correlation. An exponential decay of the spin-
spin correlation is produced by a finite spin − gap, namely a finite energy gap to the
lowest S=1 excitation in the infinite ladder. These even ladders may therefore be regarded
as realizations of the unique coherent singlet ground state proposed some years ago by
Anderson in the context of the two dimensional S=1/2 AF Heisenberg systems (the so-
called Resonance Valence Bond (RVB) state).[4]
Ladders with odd number of legs behave quite differently and display properties similar
to single chains at low energies i.e. gapless spin excitations and a power-law falloff of
the spin-spin correlations, apart from logarithmic corrections. This dramatic difference
between even and odd ladders predicted by theory has now been confirmed experimentally
in a variety of systems.
2-leg S=1/2 ladders are found in vanadyl pyrophosphate (VO)2P2O7 and in some
cuprates e.g. SrCu2O3 (Fig.1) (here we use the convention that an “m-leg ladder” denotes
m coupled spin-1/2 chains). Measurements of the spin susceptibility show that it vanishes
exponentially at low temperature, a clear sign of a spin-gap. Neutron scattering and µSR
measurements are consistent with short range spin order in the 2-leg ladders although,
as we stressed before, they are unfrustrated spin systems which classically should order
without a spin-gap. Further NMR measurements have confirmed the large spin-gap in the
excitation spectrum.
3-leg ladders (e.g. Sr2Cu3O5) by contrast show longer range spin correlations and even
true long-range order at low temperature due to weak interladder forces. There is excellent
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agreement between theory and experiment confirming that there is a dramatic difference
between even and odd S=1/2 Heisenberg AF ladders.
Doped chains have long fascinated theorists because they form unusual quantum liq-
uids, so-called Luttinger liquids with many unique properties.[5] Although doping experi-
ments in ladder compounds are just starting, extensive theoretical studies have been made
of doped ladders. Again a clear difference between even and odd ladders is predicted.
Even ladders are specially interesting because hole pairing in a relative “d-wave” state is
found using a variety of techniques which places them in a different universality class of
one-dimensional systems than the Luttinger liquids found in single chains and odd ladders.
The next section reviews the theory of the S=1/2 AF Heisenberg model on ladders.
In Section III cuprates and other compounds that are realizations of S=1/2 AF Heisenberg
ladders are discussed together with recent magnetic measurements. Hole doping of ladders
is the topic of Section IV with emphasis on theoretical studies. Finally some concluding
remarks are made in Section V.
II. S=1/2 Heisenberg model on ladders: theoretical aspects.
The properties of S=1/2 Heisenberg AF models defined on 1D chains or on 2D square
lattices are well-known. The model is defined by the Hamiltonian
H = J
∑
〈i,j〉
Si.Sj, (1)
where i is a vector labelling lattice sites where spin-1/2 operators Si are located. 〈i, j〉
denote nearest neighbors (n.n.) sites. J(> 0) is the antiferromagnetic exchange coupling
that provides the energy scale in the problem. This scale is material dependent and it ranges
from a few meVs to about 0.1eV in the case of the high temperature superconductors. As
explained above, on 2D square lattices, the Heisenberg model has a ground state with long
range antiferromagnetic order, while in 1D chains the spin-spin correlation decays slowly
to zero as a power-law. Both systems are spin gapless i.e. there is no cost in energy to
create an excitation with S=1.
The new field of ladder systems started when Dagotto, Riera and Scalapino[6] (see
also Hirsch[7] and Dagotto and Moreo[8]) found evidence that 2-leg ladders have a finite
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spin − gap i.e. a finite energy is needed to create a S=1 excitation. They started with
the simple limit obtained by generalizing Eq.(1) so that the exchange coupling along the
rungs of a 2-leg ladder (denoted by J′) is much larger than the coupling J along the chains,
J′ ≫ J. This idealization has the advantage that rungs interact only weakly with each
other, and the dominant configuration in the ground state is the product state with the
spins on each rung forming a spin singlet. The energy in this limit is approximately
Egs = − 34J′N, where N is the number of rungs and − 34J′ the energy of each rung singlet
state |ψ〉S [= (| ↑↓〉 − | ↓↑〉)/
√
2]. The ground state has total S=0, since each rung is in
a spin singlet. To produce a S=1 excitation a rung singlet must be promoted to a S=1
triplet |ψ〉T = {| ↑↑〉, (| ↑↓〉+ | ↓↑〉)/
√
2, | ↓↓〉}. An isolated rung-triplet has an energy J′
above the rung singlet. The coupling along the chains creates a band of S=1 magnons with
a dispersion law, ω(k) = J′ + Jcos(k) in the limit J′ ≫ J. The spin-gap is the minimum
excitation energy ∆spin = ω(pi)(∼ J′ − J) which remains large in this limit.[9] Concur-
rently, the spins are mostly uncorrelated between rungs since the spin correlations decay
exponentially with distance along the chains leading to the spin liquid nature of this state.
Note, however, that the spins are not disordered but in a unique isolated quantum-coherent
groundstate.
In the other extreme, J′/J = 0, the two chains decouple but isolated spin-1/2 Heisen-
berg chains do not have a spin-gap and excitations with S=1 and wavevector k = pi are
degenerate with the ground state in the bulk limit. To reconcile the different behavior in the
limits J′/J≫ 1 and J′/J = 0, it was conjectured[6] that the spin-gap should smoothly de-
crease as J′/J is reduced, reaching ∆spin = 0 at some critical value of the coupling. Later,
Barnes, Dagotto, Riera and Swanson[9] observed that the power law decay of the spin
correlation in an isolated chain implies that a chain is in a critical state and thus small
perturbations can qualitatively alter its properties. They predicted that the spin-gap would
vanish only at J′/J = 0, so that ∆spin > 0 at all J
′/J > 0 including the values of experi-
mental interest, J′/J ∼ 1. The ladder spin system would always be in a spin liquid state in
contrast to the more familiar cases of the 1D and 2D Heisenberg models which are gapless.
Physical realizations of ladders like SrCu2O3 or (VO)2P2O7 correspond to J
′ ≈ J.
However, at J′ = J there is no small parameter to guide a perturbative calculation nor is an
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exact solution known. Numerical techniques can handle the region J′ ≈ J and Exact Diag-
onalization of small clusters and Quantum Monte Carlo techniques were used in Ref.[6,9] to
study ∆spin as a function of J
′/J. The techniques used are not essential to the discussion.
We refer the reader elsewhere for details,[10] and concentrate on the results.
In Fig.2a, ∆spin calculated numerically by Barnes et al.[9] shows that indeed ∆spin > 0
for all J′/J 6= 0. At the realistic coupling J′ = J, the gap is ∆spin ≈ 0.5J. More recently,
White, Noack and Scalapino,[11] using a novel renormalization group (RG) technique suit-
able for static properties of 1D systems reported a value ∆spin = 0.504J at J
′ = J, in excel-
lent agreement with Refs.[6,9]. Note, there are AF spin correlations at short distances along
the chains and across the rungs, but even at J′ = J, the latter are somewhat stronger[11]
showing that the rough picture of a ground state dominated by rung-singlets[6] is robust.
Finally the closely related one-band Hubbard model at half-filling also shows a spin-gap for
all interaction strengths.[12,13]
By now it is clear that the presence of a spin-gap in the 2-leg ladder has been well
established using a variety of techniques. A useful intuitive approximation is to visualize
the groundstate as mostly rung singlets supplemented by weak AF correlations along the
chains. Gopalan, Rice and Sigrist[14] suggested that a good variational description of the
ground state of the 2-leg ladder could be obtained using the short-range Resonance Valence
Bond (RVB) state proposed by Anderson and Kivelson et al.[4,15] with mostly adjacent
rung singlets, but including resonance between 2 adjacent rung singlets into 2 n.n. singlets
along the chains.[12]
What happens if we increase the number of “legs” in the ladder? This is not a purely
academic question since Rice, Gopalan, and Sigrist[16] have shown that materials like
Srn−1Cun+1O2n contain ladder structures with a number of legs that depends on the value
of n. The large J′/J limit allows us again to make predictions for the behavior of the m-leg
ladder. Let us begin with the even-leg ladder. At J′/J≫ 1, the rungs decouple and at each
level one has 2m states instead of the four states of the 2-leg ladder, apparently complicating
the problem. However, the ground state of the m-spins rung is also a S=0 singlet separated
by a finite gap from the first excited state. Thus, as in the case of the 2-leg ladder, the
even-leg ladder at J′ ≫ J has a finite spin-gap ∝ J′. Taking the analogy with the 2-leg
ladder further it is again plausible to assume that a spin-gap exists in the even-leg ladder
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for any J′/J 6= 0. Early numerical calculations on 4-leg ladders are in agreement with this
picture.[8] Poilblanc et al.[17] evaluating exactly the 4× 6 and 4× 8 clusters with periodic
boundary conditions, and extrapolating the results to the bulk limit using an exponential
form obtain a spin-gap ∆spin = 0.245J, about half the size of the gap for the 2-leg ladder.
Hatano and Nishiyama[18] found ∆spin = 0.27J using a similar analysis. A reduction in
the size of the gap is natural since as the width of the ladders grows, the 2D square lattice
limit is approached and ∆spin → 0. White et al.[11] using a RG technique on larger 4× N
clusters but with open boundary conditions, which amplify the finite size effects, reported
∆spin = 0.190J extrapolated to N→∞, with a spin correlation length ξAF ∼ 5−6. Finally,
a mean field approach[14] predicted ∆spin = 0.12J. The presence of a finite spin-gap in the
4-leg ladder seems by now well established theoretically, but some discrepancies on its value
remain to be clarified.
Rice et al.[16] and Gopalan et al.[14] quoting arguments by Hirsch and Tsunetsugu
made the interesting observation that ladders with an odd number of legs should behave
quite differently from even-leg ladders and display properties similar to single chains at low
energies i.e. gapless spin excitations and a power-law falloff of the spin-spin correlations.
The simplest way to visualize this difference is again by analyzing the large J′/J limit,
as remarked by Reigrotzki et al.[19] Let us consider for example the 3-leg ladders. At
large J′/J, each rung can be diagonalized exactly leading to a doublet ground state, and
a doublet and quadruplet excited states. The rung doublet of lowest energy will be the
dominant configuration in the ground state at small temperature which thus consists now of
S=1/2 states (doublets) in each rung. The inter-rung coupling J provides with an effective
interaction between these S=1/2 rung states which by rotational invariance must be of
the Heisenberg form with an effective coupling Jeff as energy scale. Thus, the ground state
properties of the 3-leg ladder at large J′/J should be those of the spin-1/2 Heisenberg chain,
with a coupling Jeff instead of J, and thus with a vanishing spin-gap. The argument can
be trivially generalized to all odd-leg ladders. Since for the odd-leg case both at J′/J≫ 1
and J′/J = 0 there is no spin-gap, it is reasonable that at intermediate values of J′/J the
gap always vanishes in contrast to even-leg ladders. A recent numerical RG calculation[11]
verified these intuitive ideas.
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Khveshchenko[20] explained the qualitative difference between even and odd ladders
based on an argument used by Haldane for the 2D square lattice.[21] For odd ladders
a topological term governing the dynamics at long-wavelengths appears in the effective
action, while for even ladders it exactly cancels. This topological term is similar to the one
that causes the well-known difference between the finite spin-gap of integer Heisenberg spin
chains and the absence of a spin-gap for half-integer spin chains. The direct analogy with
the Haldane state of the S=1 chain is realized in ladders with a ferromagnetic coupling,
J′ < 0, on the rungs. In this case in the |J′/J| ≫ 1 limit the rungs become spin triplets
rather than singlets, and the relation with the S=1 chain is obvious.[22] However, more
work is needed to clarify the relationship of the Haldane state of the integer spin chains
and the spin liquid of the AF spin-1/2 even-leg ladders.[23]
The single magnon spectrum ω(k) of the 2-leg ladder evolves from a simple cosine
dispersion at J′ ≫ J, dominated by S=1 rung states,[9] to a more linear dispersion around
the minimum at ω(pi) ≈ 0.5J at the isotropic coupling value, J′ = J (Fig.2b).[9,14] This
change can be traced to a spreading of the two parallel spins in the triplet over more than one
rung as J′/J is reduced, which in turn modifies the dispersion relation through longer range
transfer processes. As shown by Barnes and Riera [24], the magnons near k = pi remain
as well defined modes separated from the 2-magnon continuum which starts at energy
≈ J near k = 0.[25,26] The magnon dispersion should in principle be directly measurable
through inelastic neutron scattering experiments on single crystals but as discussed below
only powder spectra are available at present.
Recently, thermodynamic properties of S=1/2 ladders have also been studied by sev-
eral groups. Troyer, Tsunetsugu and Wu¨rtz[27] using a quantum transfer-matrix method
on 2-leg ladders obtained reliable results down to temperature T ≈ 0.2J. The correlation
length ξAF of the short range AF order values ξAF ≈ 3− 4 (in units of the lattice spacing),
in agreement with calculations at zero temperature[11] that reported ξAF = 3.19. The mag-
netic susceptibility χ(T ) [24,27,28] crosses over from a Curie-Weiss form χ(T) = C/(T + θ)
at high temperature, to an exponential falloff χ(T) ∼ exp(−∆spin/T)/
√
T as T→ 0 reflect-
ing the finite spin-gap.[29] Recently, Frischmuth, Troyer and Wu¨rtz[30], using an improved
algorithm, extended their results to lower temperatures and to ladders up to 6-legs in width.
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Their results for χ(T ) are shown in Fig.3. The difference between odd and even ladders is
very clear at low temperatures as is the smaller spin-gap in the 4- and 6-leg ladders.
III. Experimental results on ladder compounds.
At present two types of ladder compounds are known. The first to be identified was
vanadyl pyrophosphate (VO)2P2O7 whose structure was shown in Fig.1. The V-ions are in
an oxidation state V4+ i.e. 3d1 with the single electron occupying a non bonding t2g-orbital.
The superexchange interaction occurs through the dppi-overlap of V 3d- and O 2p-orbitals.
The magnetic susceptibility χ(T ) shown in Fig.4a was measured by Johnston et al.[31] who
found an activated behavior at temperatures T < 100K crossing over to Curie-Weiss form
at higher temperature. Barnes and Riera [24] by fitting χ(T ), found almost equal values
J = 7.76 meV and J′ = 7.8 meV for the exchange along the chains and rungs, respectively.
Recently Eccleston et al.[32] used a powder time-of-flight neutron scattering technique to
obtain the inelastic spectrum. The powder average of the dynamic magnetic structure
factor (Fig.5) shows clear evidence of a spin-gap, ∆spin ≈ 3.7± 0.2 meV at a wavevector
pi, a value which agrees well with the theoretical prediction of ∆spin = 0.5J = 3.9meV.[6,9]
The data do not allow a unique determination of the magnon dispersion relation but are
consistent with the form illustrated in Fig.2b.
The second type of ladder compounds are cuprates but with modified copper-oxygen
planes and other structures. The key point here is the configuration of the CuO4 squares.
The high-Tc cuprate families all are based on CuO2-planes with all corner sharing CuO4-
squares. This leads to 180o Cu−O− Cu bonds. Since the Cu2+-ion has a 3d9 configuration
with the single hole occupying an antibonding eg-orbital, there is an exceptionally strong
superexchange interaction (J ≈ 0.13eV) through dpσ overlap with the O2p-orbital common
to both CuO4-squares. In the ideal CuO2-plane, the O-ions form a square lattice and the
Cu-ions occupy the centers of exactly one half of the O4-squares, also forming a square
lattice. If a line defect is introduced in the Cu-occupation so that left and right different
sets of O4-squares are occupied, then along this line the coordination of the CuO4-squares
is edge-sharing (Fig.1b). But the superexchange path for two CuO4 squares sharing an edge
is very different and involves primarily an intermediate state with 2 holes on orthogonal
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orbitals on the same O-ion. Hund’s Rule then favors parallel spin alignment and as a
result the Kanamori-Goodenough rules give a weak ferromagnetic (F) coupling between
Cu2+-ions which are edge-sharing.
Hiroi, Azuma, Takano, and Bando,[33] were the first to synthesize the family of layer
compounds Srn−1Cun+1O2n which have arrays of parallel line defects. The copper oxide
planes in the first two members were shown in Fig.1b. Rice et al.[16] pointed out that nearly
ideal ladder compounds should result, since the pattern of strong AF 180o Cu−O− Cu
bonds make a ladder, and the interladder coupling is very weak both because of weak F
90o Cu−O− Cu bonds and the resulting frustration. The first member (n=3 or SrCu2O3)
has 2-leg ladders, the second (n=5 or Sr2Cu3O5) has 3-leg ladders and so on.
Recently Azuma et al.[34] reported magnetic susceptibility measurements for the 2-
and 3-leg ladder compounds (see Fig.4b,c). The difference between the two compounds is
striking. The spin-gap is clearly visible in the precipitous drop in χ(T ) for T < 300K in the
2-leg compound, and by fitting to the low temperature form χ(T) ∼ T−1/2exp(−∆spin/T),
they obtained a value ∆spin = 420K. This compound should have exchange constants close
to the isotropic limit J = J′ ≈ 1300K so that theory predicts a larger value for an isolated
ladder ∆theoryspin ∼ 650K. However, in SrCu2O3 there is substantial exchange coupling along
the c-axis, Jc. This should lower ∆spin and may account for most of the discrepancy. But,
Azuma et al.[34] (see also Ishida et al.[35]) also reported NMR investigations. In particular,
they observed activated behavior in the relaxation rate (1/T1) at T < 300K as expected but
the activation energy (680K) was substantially larger than the value deduced from χ(T ).
At present the origin of the discrepancy is unclear.
Azuma et al.[34] measured χ(T ) also for the 3-leg ladder compound, Sr2Cu3O5, and
found χ(T ) → const. as T → 0 as expected for the 1D AF Heisenberg chain. Further
µSR measurements by Kojima et al.[36] found evidence of a long range ordered state with
TN = 52K. This ordering we attribute to the interlayer coupling Jc along the c-axis. Note
that no sign of long-range ordering was observed in the 2-leg compound. These results
confirm explicitly the drastic difference between ladders with even and odd number of legs.
Ladder structures occur also in other cuprates. For example, Batlogg et al.[37] reported
the magnetic susceptibility for the family of compounds La4+4nCu8+2nO14+8n which, as
special cases, contain 4- and 5-leg ladder elements. These are complex structures which
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contain other Cu-sites only weakly coupled to each other. These latter spins dominate
χ(T ) below room temperature. However, by examing the difference in χ(T ) between the
two compounds, Batlogg et al.[37] could identify a substantial spin-gap in a 4-leg compound
(∆spin ≈ 300K). Note that in these compounds only weak inter-ladder coupling is expected
and a value of ∆spin ≈ J/4(≈ 325K) is predicted theoretically, which agrees quite well with
the experiment. Very recently, Hiroi and Takano [38] have found a new ladder compound
LaCuO2.5 with 2-leg ladders which are weakly connected in a three dimensional structure.
IV. Hole doping of spin-1/2 ladders
Generally it is difficult to dope transition metal oxides and produce a highly conducting
state but the cuprates are exceptional in this regard. Early reports of doped cuprate ladder
materials are starting to appear.[38,39] Apart from the possibility of realizing doped ladders,
their behavior is of great interest to theorists because they are examples of unusual Fermi
liquids that can be carefully analyzed. Hole doping of a cuprate introduces effective Cu3+-
sites. This oxidation state also favors square planar O-coordination similar to Cu2+-ions
and in this coordination a low spin S=0 Cu3+-ion is formed which corresponds to a bound
state of a S=1/2 Cu2+-ion and a hole residing mainly on the four surrounding O 2p-orbitals
(Zhang-Rice singlet).[40] Transfer of electrons between n.n. sites allows a S=1/2 Cu2+ and
S=0 Cu3+-ion to exchange positions. The canonical model describing the motion of the
effective S=0 Cu3+-ions in a background of Heisenberg coupled S=1/2 Cu2+-ions is known
as the t− J model.[41]
The properties of a hole doped single chain have been much studied. It is an example
of a Luttinger liquid - so called to distinguish it from the Landau Fermi liquid state that is
ubiquitous for interacting fermions at low temperatures in higher dimensions. The simple
alternating AF spin pattern of the parent insulator changes its period to an incommensurate
value which depends on the doping. The exponent of the power-law decay increases but
magnetic correlations still are the dominant ones. The most striking feature of Luttinger
liquids is spin-charge separation whereby the charge and spin parts of an added hole move at
different velocities and become spatially separated from each other.[5] All these properties
are fascinating but do not give a sign of impending superconductivity.
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The 2-leg ladder starts from a very different parent state characterized by a spin-gap
and exponentially decaying spin correlations. A key question is how these features evolve
with doping. Mean-field studies by Sigrist, Rice and Zhang[42] found an increase in the gap
upon doping but numerical studies of finite length ladders by Dagotto et al.[6], Poilblanc
et al.[17,43] and Noack et al.[12] found a decrease. Detailed studies by Tsunetsugu et al.
[44] showed that it was necessary to distinguish two different types of magnetic excitations.
Again the limit J′ ≫ J is useful to gain intuition. As remarked by Dagotto et al.[6], in
this limit holes pair on the same rung in a S=0 and zero momentum state to reduce the
cost in magnetic interactions. One type of magnetic excitation is to promote a singlet pair
of spins spatially separated from the hole pairs to form a S=1 triplet and this excitation
evolves smoothly from the magnon we discussed earlier in the undoped case. However, a
new type of spin excitation is now possible.[44] This involves separating the hole pair into
a state with the holes on two spatially separated rungs, each of which now contains an
unpaired spin. This new excitation still requires a finite energy so the spin-gap and the
exponential decay of the spin-spin correlations remain, but its appearance at a new and
lower energy than the magnon mode leads to a discontinuity in the spin-gap upon doping.
Note, since these excitations require holes their number vanishes as the undoped insulator
is approached.
The early calculations of Dagotto et al.[6] supported a continuous evolution of the
doped system from the anisotropic limit J′ ≫ J where strong pairing correlations signaling
superconductivity were observed, down to the isotropic case J′ = J. This is similar to the
smooth connection observed in the undoped Heisenberg models. The mean field calculations
of Sigrist et al.[42] were in agreement and further lead to the observation that holes were
paired in a state of approximate d-wave symmetry although the lack of rotational invariance
of the lattice here prevents an exact symmetry classification. Calculations by Tsunetsugu
et al.[45] confirmed that this ‘d-wave’ paired state for holes persisted down to the limit
J′ = J and realistic (for cuprates) values of J/t ∼ 0.3.[46,47] The size of the hole pair is
now larger than a single rung but they are spread only over a few lattice spacings. The
excitation spectrum of the doped 2-leg ladder contrasts with the Luttinger liquid in that
the ladder low energy sector contains only the collective sound mode of the bosonic liquid
of hole pairs and a finite energy is needed to make a triplet excitation. These features are
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similar to the case of attractive fermions in a single chain as analyzed by Luther and Emery
[48] rather than the repulsive case which is the Luttinger liquid discussed earlier. Another
interesting aspect of lightly doped 2-leg ladders is the way in which they combine features
of lightly doped insulators with those of metals with large Fermi surfaces. The former
behavior dominates in the energy dependence of the spectral function to add electrons but
metallic behavior appears in the momentum dependence of added quasiparticles.[26,45,49]
Binding hole pairs gives them a bosonic character which in turn is a necessary step
on the way to superconductivity. However, this alone does not suffice since a groundstate
with a crystalline order of hole pairs is also possible.[6] Actually in a quasi-one-dimensional
system like a ladder, true long range order will be prevented by quantum fluctuations
but a power-law falloff will persist. In the doped ladder this occurs both in the channels
corresponding to crystalline ordering of hole pairs and that with superfluid or Bose conden-
sation of hole pairs. The balance between the two and the question of which dominates by
means of a smaller exponent depends on the parameters of the model and more generally
on residual interactions between hole pairs. This is hard to predict accurately.[45,50] The
first set of experiments by Hiroi and Takano [38] on La1−xSrxCuO2.5, a doped 2-leg ladder
system, show substantial decreases in the resistivity upon doping and evidence of metallic
behavior in resistivity vs temperature at the highest value of x = 0.2 (see Fig.6). There
are signs that the spin-gap persists upon doping at least initially but there are no signs of
superconductivity. More experiments will be needed to determine if hole pairing exists and
if the disorder is suppressing the superconductivity. Nonetheless conceptually the relation
of the paired hole state of the doped 2-leg ladder to the superconducting state of the planar
cuprates is much closer than the relation to the single chain or Luttinger liquid state.
V. Conclusions
The study of low dimensional quantum antiferromagnets has emerged as a central
problem in condensed matter physics due to the discovery of high-Tc superconductivity
in lightly doped cuprates with planar structures. Quantum effects are largest in a S=1/2
system and with isotropic Heisenberg coupling. A square lattice still has an ordered ground-
state although with a substantial reduction of the sublattice magnetization due to quantum
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effects. In the one dimensional analog, i.e. a Heisenberg S=1/2 chain, the quantum effects
overwhelm the long range order but the groundstate has quasi long-range order with a de-
cay in the spin-spin correlation function as an inverse power in the separation, apart from
logarithmic corrections.
One might expect that a two leg ladder should be intermediate between a chain and a
plane thus the discovery that quantum effects are much stronger in such a ladder and lead
to purely short range order with an exponential decay in spin-spin correlations came as a
great surprise. This result first found in numerical simulations has now been verified by a
variety of techniques and more importantly has experimental confirmation in (VO)2P2O7,
SrCu2O3, and LaCuO2.5.This difference between a single chain and two-leg ladder extends
to all odd- and even-leg ladders, and the difference can be traced to the absence in even-leg
ladders of the special topological term that appears in the low energy action of the single
chain. This term is also absent in integer spin chains and these also display exponentially
decaying spin-spin correlations and a spin-gap.
The various families of high-Tc superconductors all have a unique structural element,
namely CuO2-planes composed of a square lattice of Cu-ions separated by O-ions. The
local coordination is characterized by CuO4-squares which in turn are all corner sharing in
the CuO2-planes. The ladder cuprates again have the same local CuO4-coordination but
the pattern of the CuO4-squares is changed which in turn changes the pattern of magnetic
exchange interactions. For example, in Srn−1Cun+1O2n line defects break the plane up into
weakly coupled ladders. The many ways of assembling CuO4-squares illustrates the richness
of cuprate chemistry which is only now beginning to be explored and various possibilities
for novel quantum groundstates remain to be studied.
The cuprates have another unique feature among transition metal oxides, namely the
possibility of hole doping without localization to realize conducting materials. The doped
chain has been the paradigm of a non-Landau Fermi liquid and much attention has focussed
on the unique properties of this quantum liquid, called a Luttinger liquid by Haldane,
such as the complete separation of charge and spin sectors into two excitation branches at
low energy. The hole doped 2-leg ladder is also essentially one dimensional but now the
properties are radically different. As we discussed above, the quantum liquids in lightly
doped ladders retain the spin-gap, show hole-hole pairing in approximate dx2−y2-symmetry,
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and although lightly doped insulators they show features of a large Fermi surface which
is metal-like. Doped ladders are a fascinating mixture of a dilute Fermi gas with strong
attractions and a concentrated Fermi system with a large Fermi surface.
Returning to the high-Tc cuprates we see a paradox. The parent insulating antifer-
romagnets show long range order, which represents a smooth evolution or crossover from
the properties of single chains but not from 2-leg ladders. Lightly doped cuprates by con-
trast show a spin gap and dx2−y2 -superconductivity, properties we can imagine evolving
smoothly from the 2-leg ladders. While much remains to be done to understand how these
features fit together, it is clear that the study of ladders has given us not only surprises but
valuable new insights into low dimensional quantum systems and a new impetus to broaden
our horizons and explore the rich solid state chemistry of cuprates and related materials.
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FIGURE CAPTIONS
Fig.1: (a) Ladder compound (VO)2P2O7. O- and V-ions are indicated (from D. C.
Johnston et al., Phys. Rev. B35, 219 (1987)); (b) Schematic representation of the 2-leg
compound SrCu2O3 and the 3-leg compound Sr2Cu3O5 (from M. Azuma et al., Phys. Rev.
Lett. 73, 3463 (1994)). The black dots are copper, while the intersections of the solid lines
are oxygen locations. The dashed lines are Cu-O bonds. The 2- and 3-leg structures are
highlighted. J is the coupling along the chains, and J′ along the rungs.
Fig.2: (a) Spin gap ∆spin vs. J
′/J for the 2-leg ladder. The results are extrapolations
to the bulk limit using numerical results obtained on finite 2×N clusters (from T. Barnes
et al., Phys. Rev. B47, 3196 (1993)); (b) Triplet spin-wave excitation spectra for the
isotropic point J′ = J, with J = 7.79 meV and using the (VO)2P2O7 lattice spacing (from
T. Barnes and J. Riera, Phys. Rev. B50, 6817 (1994)). kr (kc) denotes momentum along
the rungs (chains).
Fig.3: Magnetic susceptibility χ(T ) calculated with Monte Carlo techniques on m-leg
ladders and J′ = J on clusters of m× 100 sites. χ(T ) for even-leg ladders show at low
temperature the exponential suppression caused by the spin-gap, while the odd-leg ladders
extrapolate to a finite number as T→ 0 (from B. Frischmuth, M. Troyer and D. Wu¨rtz,
preprint).
Fig.4: (a) Experimental magnetic susceptibility χ(T ) for (VO)2P2O7 (from D. C.
Johnston et al., Phys. Rev. B35, 219 (1987)); same but for (b) SrCu2O3 and (c) Sr2Cu3O5
(from M. Azuma et al., Phys. Rev. Lett. 73, 3463 (1994)).
Fig.5: Neutron scattering data for (VO)2P2O7 showing the finite spin-gap Eg (from
R. S. Eccleston et al., Phys. Rev. Lett. 73, 2626 (1994)). We refer the reader to this
reference for further details.
Fig.6: (a) Resistivity vs temperature parametric with the Sr-concentration x for
La1−xSrxCuO2.5; (b) Magnetic susceptibility vs temperature for the same compound shown
in (a) (from Z. Hiroi and M. Takano, Nature Vol.377(7), 41 (1995)).
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